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If X is a B-convex normed Riesz space, then the topological completion 
of x is a closed subspace of X**, the second Banach dual of X. If 9 = X** 
or9J=X ***, then 9J is a B-convex a-Dedekind complete normed Riesz 
space which is the Banach dual of a normed Riesz space. In such a 2j, if 
Ul > u2 > ... > 0 and inf,{u,} = 0, then lim, 11 U, 11 = 0. This is the key 
step in verifying that Ogasawara’s criteria that a normed Riesz space be 
reflexive are satisfied by X **. Thus the topological completion of X as a closed 
subspace of X** is also reflexive. 
B-convex Banach spaces have been studied by Beck [l], James [6], 
Kottman [7], and the author [4, 51 among others. Partial answers 
to the question of which B-convex spaces are reflexive (it is still 
open whether or not all B-convex spaces are reflexive) have been 
given by James [6] who showed that every 2, E-convex space is 
reflexive; by Kottman [7] who discovered two similar and related 
conditions, one more restrictive than B-convexity which implies 
reflexivity and one less restrictive than B-convexity which admits 
nonreflexive instances; and by James [6] and the author [4] who 
discovered independently that every B-convex space with an uncondi- 
tional basis is reflexive. Sundaresan [9] proved that every B-convex 
Orlicz space is reflexive. 
Among normed Riesz spaces are included a fairly wide class of 
normed linear spaces including the L, spaces, the Orlicz spaces, 
and proper spaces of functions (definition follows). More recent 
studies of Riesz spaces, with and without Riesz norms, include those 
of Bourbaki [2, Chapter II], Nakano [ 10, 111, and Luxemburg and 
Zaanen [8]. 
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The purpose of this note is to establish the title result which 
generalizes an earlier (unpublished) theorem of the author asserting 
reflexivity for every complete B-convex proper space of functions: 
A proper space of functions is a set 9 of functions from some index 
set T to the real numbers R which is a normed linear space under 
pointwise addition and scalar multiplication and which has the 
property that if x E X and y: T + R are such that for all t E T we 
have 1 y(t)/ < / x(t)l, then y E X and 11 y I/ < 11 x [j; every proper space 
of functions is a normed Riesz space under the ordering s < y, if 
for every t E T, s(t) < y(t). 
The present theorem also includes the one of Sundaresan and 
the earlier one of James and the author, since in every complete 
space with an unconditional basis, an equivalent norm can be con- 
structed (the norm (/ . (I” of Day [3; p. 73, Theorem I]) which makes 
the space isometrically isomorphic to a proper space of functions 
on the natural numbers (if {b,} is the basis, the isomorphism is 
x tt {an} where x = C CX,~, ; norm is defined in the sequence space 
to make this mapping an isometry). 
DEFINITIONS, NOTATIONS, REMARKS 
1.1. A Riesz space (also called linear vector lattice) is a vector space X 
over the real scalars R which is also a partially ordered set in which 
the vector space structure and the order structure are related by: 
ifx,y,zEXwithn:<y,thenx+z<y+z,and (l.la) 
ifx,yEXand~ERwith.~<yandol>O,then~~<oly; (I.lb) 
and the following property holds: 
if X, y E X, then there exists an element x v y of X 
(the supremum of .X and y) such that x < N v y and y < s v y 
and if x is any element of .t’ such that x < z and y < Z, 
then x v y < Z. (l.lc) 
1.2. If X is a Riesz space and x, y E X, then the infimum of x and y 
denoted by x A y exists and is equal to -(-x v -y). 
1.3. The supremum of {xY: y E r}, if it exists, is denoted by 
v x,9 ver of ix&L by V:=, x, ; A is used similarly for infima. 
1.4. x v 0 is denoted by x+, (-x) v 0 by x-, and x v --x by I x 1. 
See (2.14) and (2.15). 
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1.5. 11,-e say x and y are disjoint and Ivrite .v I- ~9 if ! .T i A / J’ 1 _ 0. 
1.6. The notation x,, t or s,, f,,+x means sr < x2 < ..., and 
x”,, T x or x,, tfnmLc x means that in addition x z Vz=, s,, . The symbol 
J is used analogously for nonincreasing sequences. 
I .7. ,A Riesz space is called (u-) Dedekind complete (after Luxemburg 
and Zaanen [S], Nakano [lo, 111 uses continuous and universally 
continuous respectively) if each (countable) subset which is bounded 
above has a least upper bound. 
1.8. In a o-Dedekind complete Riesz space, if p > 0 and x > 0, 
[p]x stands for Vz=, (np A x) (defined since np A x < x for all n). For 
general p and x, [p] x is defined to be [I p I] xf - [I p I] x-. Each 
operator [p] is called a projector. 
1.9. If X is a Riesz space, a norm 11 *11 on 3 is called a Riesx norm if 
for allxandyin3with 1 x / < ly I,wealso haveilxll < jjyI\. (1.9a) 
A normed Riesx space is a Riesz spaced normed with a Riesz norm. 
1.10. A Riesz norm on a Riesz space 3E is called semicontinuous if 
whenever 0 < x,~ t x in X, then also limn+ j/ x, 11 = 11 x 11. It is called 
monotone complete (after Nakano [l 11; the terminology of Luxemburg 
and Zaanen [8] is “II . /I has the weak Fatou property for sequences”) 
if whenever 0 < x, t in X and (11 x, iI>& is bounded, then also 
there exists x E 3 such that x,, f x. 
1 .ll. If (x1&> is a sequence in a normed space X, we say that E is 
a CauchJl failure number for {xn} if for every N there exist m, n > N 
such that /I x,, - x, \I > E. 
1.12. The Banach dual of a normed linear space X is denoted by X*. 
1.13. A normed linear space X is called k, E-convex for a given 
integer k > 2 and a real number E > 0 if for any choice of xr ,..., xl,. E X 
with each /I xi II < 1 we have 
11 +x’1 I!I x2 :k .” & xk 11 < k(l - <), 
for at least one choice of the + and - signs. X is B-convex if there 
exist an integer k >, 2 and a real number 6 > 0 such that SE is k, 
E-convex. 
THEOREMS, LEMMAS, AND PROOFS 
The next two theorems summarize many of the pertinent known 
facts about Riesz spaces which we shall need in this paper. 
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THEOREM 1. If X is a Riesx space and Roman letters denote elements 
of 3, Greek letters denote real numbers, then 
x v y + x = (x + z> v (y + 2); 
x A y + .z = (x + z> A (y + z); 
(x A y) v z = (x v z) A (y v z); 
(x v y) A x = (x A x) v (y A z); 
XAJ’+XVy=X+y; 
If 01 > 0, then u(x v y) = (CYX) v (my); 
If (Y > 0, then ,(x A y) = (ax) A (a!!); 
($pJ v (A4 = ( JrxAxv v Ys ;
(/J+(AYs) = “A 3EvAYsi 
&A (vJM-xA 
x = xf - x-; 
1 x 1 = Xf + x-; 
iJx > y, then xf 3 y+ and x- < y-; 
I~+Yl<IxI+lYI; 
laxI = I al 1x1; 
ifxlyandlzl < IxI,thenz~y; 
if x Iy, then LXX Iy; 

























Proof. These results are included in Sections 14 of Nakano [lo]. 
THEOREM 2. Ifx . 1s a o-Dedekind complete Riesz space and Roman 
letters denote elements of X, then 
Projectors are positice linear operators, i.e., ;fx > 0, then [p].v > 0; (3.1) 
I[PlX I G I x ii (3.2) 
[Ply _L y - [ply; and (3.3) 
ifx >OaandO <p < q, then [p]x < [q]x. (3.4) 
Proof. In Nakano [IO], (3.1) follows from Theorem 7.1 and a 
remark on p. 43, (3.2) is Theorem 7.5, (3.3) is Theorem 7.10, and 
(3.4) is Theorem 8.3. 
Comments. If X is a normed Riesz space and an order is assigned 
in3* by x* < y* if for every x E X with x >, 0 we have X*(X) < Y*(X), 
then JE* is a Dedekind complete normed Riesz space (Luxemburg 
and Zaanen [8, Theorem 22.5 (Note VII)]), whose norm is monotone 
complete and semicontinuous (Luxemburg and Zaanen [8, Theorem 
22.5 (Note VIII) and Theorems 40.2 and 40.3 (ii) (Note XIII)] or 
Nakano [ 11, Theorem 3 1.41). The same is true of x**, and in addition, 
the natural injection of x into x** (x F+ KX where KX(X*) = X*(X) 
for all x’* E 3E*) is order preserving in both directions and preserves 
finite suprema and infima (Luxemburg and Zaanen [8, Theorem 22.8 
(Note VII) and Section 38 (Note XII)]). 
Since every element of X* is the difference of two nonnegative 
elements ((2.15)), every element of 3E* * is determined by its restriction 
to the positive cone vu” = {x* E 3*: x* >, 0} of 3E*. Thus any 
subspace of 3E** including specifically the canonical image of X in 
x** and its closure may be viewed as a set ‘1) of real-valued functions 
f, g, etc. on an index set ($J*) such that 9 is a normed Riesz space 
of functions in which addition and scalar multiplication are pointwise 
and the ordering comes from pointwise comparison; where now 
f + g, af, f < g, f v g, f A g, f f, .f-, and ( f i have their familiar 
meaning for functions; where f 1 g is equivalent to “the supports 
off and g are disjoint” (the support of a function is the set where 
it is nonzero); and where [p]f is the function agreeing with f on 
the support of p and vanishing outside the support of p. 
If the Riesz space 3E of Theorems 1 and 2 and Lemmas 1 and 2 
were endowed with a Riesz norm so that X would admit the repre- 
sentation just described, the proofs of these results would reduce 
to easy, comparatively short pointwise comparisons. 
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THEOREM 3. Let X be a B-convex a-Dedekind complete normed 
Riesz space which is complete in the norm metric and whose norm is 
semicontinuous. If u, 4 0 in X, then limn-tm Ij U, )I = 0 (i.e. the norm 
in X is what Nakano [I I] calls continuous). 
Remarks. The proof of this theorem is postponed so that some 
technical lemmas can first be established. The reader who wishes 
to postpone technical details to a subsequent reading could proceed 
directly to the statement and proof of Theorem 4. 
LEMMA 1. If X is a a-Dedekind complete Riesz space, if x and u, 
are elements of X such that x 3 0 and u, 4 0, and if 71 is a positive 
real number, then 
[(Tp - u,)‘]x t 9. 
Proof. Since U, 4, r]x - U, f, so by (2.16) (TX - u,)+ t, hence 
bY (3.4) Kv - %)+1x: t, and by (3.2) x is an upper bound for 
{E(v - %~+1xEL 9 so the proof will be complete if we can show 
that x < Vr=, [(r)x - u,)+]x. 
We first observe that 
[(TX - u,)+]x = Q {&“I? - Un) v O)} A x 
h=l 
= ki {(,+x - k4 * -4 ’ (’ * ‘) 
3 i/ (k7)x - ku,) A x, 
k=l 
using (1.4) and (1.8) to obtain the first equality, (2.7) and (2.4) to 
obtain the second and decreasing each term in the countable 
supremum to obtain the inequality. Therefore 
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using (2.8) and (2.11) and the fact that u, 4 0. This, as noted above 
completes the proof. 
LEMMA 2. If X is a a-Dedekind complete Riesz space and in X, 
x>Oandy>O,then 
Proof If 01 is a nonnegative real number and z E 3, then 
((a + l)z) v 0 = ( a + 1)(x v 0) by (2.6), (a + l)(z v 0) >, z v 0 
since cx + 1 > 1, and x v 0 > 0 (using (l.la) and (l.lb)) and 
zvo>z,so((ol+l)z)vo> x. Adding --x to both sides of the 
inequality and applying (2.1), it follows that (olx) v (-z) > 0. 
In particular, if n > 1 is fixed, then 0 < (LX - y) v n(y - X) and 
since x 3 0 it follows that 
0 < (x - y) v (ny - (n - 1)X). (6.1) 
Now it follows from (2.5) that 
nx A (n + l)Jj = ?zX + (n + l)y - {nx v (n + l)y}, 
and so by adding -(n - 1)~ - y inside and outside the braces of 
the right hand side and applying (2.1), we have 
nx A (n + 1)y = X + ny - {(X -y) v (ny - (n - 1)X)). 
It now follows from (6.1) that 
nx A (n + l)y < x + ny. 
Adding -ny to both sides and using (2.2) gives us 
n(.v - y) A y < x. 
Now from (1.4), (2.6), and (2.4) we see that 
{?Z(X - y)+} A y = ?t((X - y) V 0) A J’ 
= (@ - 3’) A Y) V (0 A Y). 
(64 
But since x >, 0 and y 3 0, 0 A y = 0 < X, so from (6.2) it follows 
that {n(x - y)+} A y < X. Since this is true for all n 3 1, the present 
lemma follows from (1.8). 
LEMMA 3. Suppose X is a o-Dedekind complete normed space whose 
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norm is semicontinuous in which there exists a sequence un 4 0 which 
has a positive Cauchy failure number E. Then given any positive 6 
with 6 < E, there exist v and (u,‘} in X such that 0 < v < ul, 
II ‘L’ II 2 6, z’ I Ul’, Ul’ . < u1 , u,’ J 0, and 6 is a Cauchy failure number 
for bz’>* 
Proof. Fix s < t such that I[ u, - u1 I[ >, E. Pick r) > 0 such that 
E - 277 (j u, - ut 11 3 6. If we denote (~(u, - UJ - uJ+ by zk, then 
by Lemma 1, 
hl(% - 4 tIc+m 04- 4, 
so by semicontinuity of the norm in X, since 1) u, - ut 1) >, E > 6, 
there exists K > t such that /l[zK](us - uJ] >, 6. Furthermore, for 
k t K 
0 < [%I % d [-%cl UP G d% - 4, 
by (3.1), (3.4), and L emma 2 respectively. Hence by (1.9a), for k 3 K 
we have 
ll[%l Uk II ,< 7] II *, - Ut II. (8.1) 
Now we let v = [.zK](us - ut) and for n > 1 let u,’ = 
UK+n - L%l UK+% * Since s < t and u, J, u, - u1 > 0; so by (3.1), 
v ’ 0 v < u, - ut by (3.2), so v < u, since u6 3 0, and therefore 
v 2 u; since u, 4. 1) v 11 > 6 by our choice of K. It follows from (3.3) 
that v 1 ui’. From (3.2) it follows that all u,’ > 0, so u,’ ,< u~+~ < ur 
by (3.2) and the fact that 0 ,< u, 4. That un’ J 0 follows from (3.1), 
the fact that u~+~ indo, 0, and the inequality ulL’ < uK+n just established. 
Finally, for each m > n, it follows from (2.17) that 
/ %’ - %n’ 1 3 1 UK+n - UKtm / - tzK1 *K+n / - @KluK+m 1. 
Then (1.9a) and (8.1) insure that 
11 un' - urn'/\ > Ii UK+n - uK+m 11 - 2v iI us - ut Ii) 
and so the choice of r) and the fact that E is a Cauchy failure number 
for {un} insure that 6 is a Cauchy failure number for {u,‘>. 
LEMMA 4. Suppose the first sentence of Lemma 3 is true of X. 
Then for any given positive real number 6 such that 8 < E there exists 
a sequence {vn} of pairwise disjoint elements of X such that for each n, 
0 < a, < u1 and (1 v, )I > 6. 
Proof. Choose {en} such that E>E~>E~>**.>S. We will 
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inductively construct elements 23,. and sequences {u~)>~=, in X with 
the properties that for each k > 1: (z’i ,..., ZIP} is pairwise disjoint; 
for each i = l,..., K, we have 0 < zqi < ui , 11 ‘z’~ // > E[, and zli 1 u:“‘; 
Ul (X-J < u1 ; z&y J,,-x 0; d .’ C h f ‘1 an l I, is a auc y al ure number for (u~,“‘};~, . 
Lemma 3 gives us the r~‘r and (u::‘) we wish. 
Suppose k > 1 and the construction has proceeded k steps. 
Applying Lemma 3 to the sequence {I~~‘)&~ we find an element zjpfl 
and a sequence {~p+‘)}~_r in S such that 0 < zk+r < u:li), and 
consequently both cktl < zlr (since z@‘) < ui) and, for i = l,..., k, 
ui 1 ~+r (using (2.19) and the fact that zji _L ~4’)); 11 zl;+r 11 >, ~,,.+r ; 
zlkfl 1 u:k+l)- z@+‘) < z@‘), 
'e+u 
and hence both ulk+‘) < ur , and for 
i = I,..., k, u1 1 ; ; &l) ' Tx. 0; and qcfl is a Cauchy failure 
number for {u$‘) E-1 . T&rs tke construction can proceed and the 
sequence {vi} thereby constructed shows the present lemma to be 
true. 
Proof of Theorem 3. We suppose that X is as in the statement 
of the Theorem and that there exists a sequence {un} in X such that 
u,, 4 0 but it is false that lim,,, /I U, 11 = 0. We will arrive at the 
contradiction that X is not B-convex. 
It is a consequence of [4, Lemma I.41 (see [5] for a minor correction 
to the proof of this lemma) that if there exists a positive E and for 
each k a set {x1 ,..., x~} of elements of X such that each 11 x2 ]I f 1 
for which 
for all choices of the + and - signs, then X is not B-convex. 
Since it is false that limn+= (I u,, 11 = 0, it is also false that 
lim u,, n+cc = 0. If (un> were Cauchy, since S is norm complete, 
(u,J would converge to a nonzero limit. But it is a consequence of 
Luxemburg and Zaanen [S, Lemma 26.1 (Note VIII)] or Nakano 
[ll, Theorem 30.11 that since u, $0, if it is norm convergent, the 
norm limit must also be 0. Thus {u?&} is not Cauchy. 
We conclude from Lemma 4 that there exist a real number 6 > 0 
and a pairwise disjoint sequence (7~~) such that for each n, 0 < V, < u1 
and I( z+, (1 >, 6. 
Now let (an”>& be the sequence of + l’s and -1’s which starts 
with +l and has +1’s and -1’s in alternating blocks of length 2k-1 
(so {a,l> = {+1, -1, +1, -l,... ), {c&2} = {+1, 1-1, -1, -l,... }, 
etc.). Fix k, let 712 = 2k, and for i = l,..., K, define yi to be x7=“=, aniz’, . 
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By (2.18)-(2.22) and induction, 
and therefore 11 yi 1) < 11 u1 II by (1.9a). 
Furthermore, if {/3r ,.,., &} is any sequence of + l’s and -l’s, 
then for some s, 1 < s < m, we have E,~ = & = *l for i = l,..., k, 
so ,Bi& = 1. Thus 
again using (2.18)-(2.22). S ince ]I v, (I > 6, we have (1 & &yi )I >, KS. 
Thus we see that with E = 6 II u1 (1-l and if, for each k, {yl ,,.., yh.} 
are constructed as above and xi = (1 u1 1j-l~~ , then we have satisfied 
the conditions stated in the second paragraph of this proof which 
insure that X is not B-convex. As noted above, this contradiction 
established Theorem 3. 
THEOREM 4. The completion of a B-convex normed Riesz space is 
reflexive. 
Proof. We suppose X is a B-convex normed Riesz space. Because 
X** is B-convex [4, Corollary II.21 and X** is a normed Riesz space 
(see the comments following Theorem 2) and the topological 
completion of X is realized as the closure in 3E** of the canonical 
image of X in X**, and a closed subspace of a reflexive space is 
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reflexive; it is enough to show that if X is a B-convex normed Riesz 
space which is the conjugate of a normed Riesz space, then X is 
reflexive. 
Since such an X has a monotone complete norm (see the comments 
following Theorem 2) we have that in X, 
if 0 G: u, T and sup // u, 11 < c~, 
then there exists u E X such that U, t U. (11.1) 
Because S is B-convex and norm-complete and (see the comments 
following to Theorem 2) is o-Dedekind complete and the norm in 3E 
is semicontinuous, it follows from Theorem 3 that in X, 
if u, J 0, then l!+! 11 u, 11 = 0. (11.2) 
Since 3* is B-convex [4, Theorem II.31 and is a normed Riesz 
space which is the conjugate of a normed Riesz space, (11.2) is also 
true of JE*. The joint truth of (11.1) and (11.2) for ;t and of (11.2) 
for 3E* is equivalent to the truth of the assertation that 3E is reflexive 
by Ogasawara’s theorem (Luxemburg and Zaanen [8, Theorem 40.1 
(Note XIII)]. 
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